Abstract. Solving a certain functional equation, we find all invariants of a pair of directions in n-dimensional pseudo-Euclidean geometry of index one E n 1 . In (n − 1)-dimensional space we construct a model for these directions by means of concepts characteristic of Euclidean geometry. Because it is a pseudo-orthogonal group, not orthogonal, that operates in this model, the distance between two points and the measure of an angle are not invariants. Using these changeable quantities we construct invariant quantities.
Introduction
For n ≥ 2 consider the matrix E 1 = diag(+1, . . . , +1, −1) ∈ GL(n, R).
Definition 1.
A pseudo-orthogonal group of index one is a subgroup of the group GL(n, R) satisfying the condition
The class of G-spaces (M i , G, f i ), where f i is an action of G on the space M i , constitutes a cathegory if we take as morphisms equivariant maps F ij : M i → M j , i.e. the maps which satisfy the condition (1) i,j x∈M i A∈G F ij (f i (x, A)) = f j (F ij (x), A).
We denote this category E n 1 and call a geometry of the group G. In particular, the objects of this category include: the G-space of contravariant vectors (2) (R n , G, f 1 ), where For m ∈ {1, 2, . . . , n}, let a system of linearly independent vectors u 1 , u 2 , . . . , u m be given. Every equivariant map F of this system into G-space of scalars satisfies the equality (1), which, applying the tranformations rules (2) and (3), may be rewritten in the form For a pair u, v of contravariant vectors, the mapping p(u, v) = u T · E 1 · v satisfies (4), namely p(Au, Av) = (Au) u, v) . In [9] , it was proved that the general solution of the equation (4) is of the form
for i ≤ j = 1, 2, . . . , m ≤ n, where Θ is an arbitrary function of
The invariant p allows us to decompose the G-space of contravariant vectors into invariant subsets
is the set of isotropic vectors.
In the set R n 0 = R n \ {0}, we can determine the invariant function ε(u) = sign p(u, u), we can also say, that two vectors u and v are orthogonal if p(u, v) = 0 and, moreover, we can define an equivalent relation ρ, namely uρv ⇐⇒ v = α · u for any α ∈ R 0 . Let us define the G-space of directions
is called a G-space of directions.
Because p(αu, βv) = αβp(u, v) for α, β ∈ R 0 , the function ε([u]) = ε(u) is well determined on the set R n 0 /ρ. We also can transfer the notion of orthogonality of vectors to directions taking
The invariants of a pair of directions in geometry E n 1
363

The invariants of a pair of directions
In accordance with (1), (3) and (6) , an invariant mapping F of the system of m different directions
The solutions of the equation (7) are those solutions of the equation (4) which are constant on the classes of abstractions of the relation ρ. This means that if the vectors u, v fulfil any equality, then also this equality is fulfilled by vectors αu, βv taking arbitrary α, β ∈ R 0 . Applying (5), we get for the direction [u]
where C 1 , C 2 , C 3 are arbitrary constants.
Using (5), we get for the pair of different directions
If the directions are not isotropic we get For the linear independent vectors u and v we have
So we have 7 types of the pair u, v; 5 if n ≥ 2
and two additional types T 6 = (0, 1, 0)
, we can choose the numbers α, β ∈ R 0 in (8) so that successive arguments of the function Θ will be successive numbers of the type T (u, v). If we briefly denote
Corollary 2. The general solution of the equation
is of the form
where Θ is an arbitrary function of three variables and C i (i = 1, . . . , 5 in the case n = 2 and i = 1, . . . , 7 in the case n > 2) are arbitrary constants.
The invariants of one direction as well as two directions, at least one of which is isotropic, are trivial. Additional comment is that also for three different isotropic directions we have
But for four different isotropic directions the equality (7) has non-trivial general solution (see [7] )
where Θ is an arbitrary function of two variables. Also for two different isotropic directions and the third non-isotropic, one the equality (7) has
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where Θ is an arbitrary function of two variables.
Problems with the interpretation of the invariant Φ([u], [v])
The interpretation of the invariant Φ([u], [v] ) in the case n = 2 is wellknown if either both directions are Euclidean or both directions are pseudoEuclidean. Taking in mind (12) and
and [v] , which can be interpreted as the straight lines Ru, Rv, and the unit sphere |p(x, x)| = 1. Such interpretation of the invariant Φ(u, v) is good because for arbitrary matrix A ∈ G, we have s(Au, Av) = s(u, v). This doesn't run out all possibilities and can't be applied to the case n > 2 because In each individual case we have
Interpretation of X is unknown in the case n > 2. 
The interpretation of invariant
In the case n ≥ 2, we will construct a model of the G-space of directions (6) in R n−1 . We will also regard the point q = [q 1 , q 2 , . . . q n−1 ] ∈ R n−1 as a radius vectors of this point. If q 1 , q 2 ∈ R n−1 then we will consider an "Euclidean scalar product"
2 between the points q 1 and q 2 . To interpret the invariant Φ ([u], [v] ), we will use terms characteristic of Euclidean geometry putting them in inverted commas. We must remember that they will not be invariants because in the model the group G will operate, not the (n − 1)-dimensional orthogonal group. Let us consider the following subsets: an (n − 1)-dimensional sphere S, its interior (S) or S and its exterior )S(, that is
An arbitrary vector
, which we consider to be the straight line Ru. If the vector u is non-Euclidean then u n = 0 is an invariant and the straight line Ru intersects the (n − 1)-dimensional hyperplane P given by equation u n = 1 in the point
We will interpret the direction [u] as the point q(u) = q([u]) ∈ R n−1 . Let us remark that we have the following equivalences u ∈ 0 V ⇐⇒ q(u) ∈ S and u ∈ − V ⇐⇒ q(u) ∈ (S). There is also one-to-one relation between directions [u] of Euclidean vectors u with u n = 0 and the points [x(u), 1] T ∈ P, where x(u) = [
u n ] ∈ )S( . Unfortunately, for Euclidean vectors with u n = 0, we would have to add to the set )S(, the set D = {x(u) where x(u) = [u 1 : u 2 : . . . : u n−1 ]} of all directions in R n−1 in order to finish ongoing construction of the bijection between the set of all Euclidean directions [u] in R n and elements of the set )S( ∪ D. Thereby, the hyperplane P supplemented with improper points [x(u), 0] T would become the model of an (n − 1)-dimensional projective space P for which the mapping R n /ρ [u] ←→ P ∩ Ru ∈ P would be the bijection. Because the property u n = 0 of the Euclidean vector u is not an invariant, we give another interpretation of Euclidean directions. The property (u 1 ) 2 + (u 2 ) 2 + · · · + (u n−1 ) 2 > 0 of the Euclidean vector u = [u 1 , u 2 , . . . , u n−1 , u n ] T is an invariant, which enables us
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Because we have p(u, u) > 0 ⇐⇒ 0, H(u) < 1, then the intersection H(u) ∩ S is a ball lying in the hyperplane H(u) = H([u]). Let us denote its center by C(q(u)) = C([u]) = C(u) ∈ (S) and the radius r(q(u)) = r([u]) = r(u) ∈ (0, 1 . Let B denote the collection of all balls q(u) for u ∈ + V and let us consider the direct sum Q = S (S) B. We have a model, namely the G-space of directions equivalent to the one given by (6) (19) (Q, G, f 4 ), where
To each direction [u], we can assign two numbers [u] ∈ 0, 1 and r([u]) = r(u) ∈ 0, 1 which are given by (20)
If ε(u) = 1 and n > 2 then the number r(u) is equal to earlier mentioned radius of the ball q(u). In the special case ε(u) = 1 and n = 2, the ball q(u) reduces to a point, nevertheless, it is r(u) > 0. The equivalence r(u) = 
After calculations, we get respectively
For a pair of Euclidean vectors, let us consider three quantities
Of course
is an invariant in geomerty E n 1 , which will be interpreted. The quantities Φ 1 and Φ 2 are not invariants but they are included in the whole closed interval 0, 1 and have an interpretation in terms of Euclidean geometry. They determine the measure ϕ of the proper angles ϕ 1 = ϕ(H(u), H(v)) = arccos Φ 1 and ϕ 2 = ϕ(Ru, Rv) = arccos Φ 2 . In our model, we use another angle, which measure is equal to ϕ 1 or π − ϕ 1 , in accordance with Definition 6. The measure of an angle between Euclidean directions [u] and [v] we call the number
where ((x)) = x if u n v n ≥ 0 and ((x)) = −x if u n v n < 0.
The pseudo-orthogonal group G operates on the set Q = S ∪ (S) ∪ B in such a way that the components of disjoint union of sets are invariant sets. We will regard the direction and lying in S , we denote c = q 1 , q 2 and by a and b we denote "Euclidean length" of remaining segments then the ratio of the areas of rectangles or double ratio
is an invariant of this pair of directions in geometry E n 1 . Proof. In accordance with (20), we have
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Taking c 2 from (22), after calculations, we get 1 2 
) is an invariant in geometry E n 1 . Proof. From (20) and (26), we get immediately
Incidentally, in the model (Q, G, f 4 ), the orthogonality of directions is expressed by the relation of belonging. Let us remark that if
is an Euclidean direction. If we treat the ball q(v) as a set of points in R n−1 then it consists of points q(u) ∈ S ∩ q(v) and points q(u) ∈ (S) ∩ q(v) corresponding to isotropic or pseudo-Euclidean directions [u] perpendicular to [v] . They are all the non-Euclidean directions perpendicular to [v] . We have If we restrict ourselves to the set Q, we have
and in R n−1 supplemented with infinite points
[u] ⊥ [v] ∧ ε(u) = ε(v) = 1 ⇐⇒ I(q(u)) ∈ H(v) ⇐⇒ I(q(v)) ∈ H(u).
